In this paper, we study the gradient estimates for positive solutions to the following parabolic Lichnerowicz equations ∂u ∂t
Introduction
Let M be an n-dimensional complete noncompact Riemannian manifold. In this paper, we study the following nonlinear parabolic equation 
on B p (R), where >  and ν >  are some universal constants independent of geometry of M. 
on compact manifold (M, g). The authors in [] got the local gradient estimate for the positive solutions of (.). Moreover, they considered the following parabolic Lichnerowicz equation
on manifold (M, g) and obtained the Harnack differential inequality.
Theorem . (Song and Zhao
While the author considered the gradient estimates on compact Riemannian manifolds in Theorem ., it is natural to study this problem on complete noncompact manifolds. Motivated by the work above, we present our main results as follows. 
where
Let R → ∞, we can get the following global gradient estimates for the nonlinear parabolic equation (.).
Corollary . Let (M, g) be a complete noncompact n-dimensional Riemannian manifold with Ricci tensor bounded from below by the constant
δ are positive constants with  < δ <  and β = e -Kt . Let δ → , A =  in Corollary ., we get a Li-Yau-type gradient estimate.
Corollary . Let (M, g) be a complete noncompact n-dimensional Riemannian manifold with Ric(M) ≥ . Assume that u(x, t) is a positive solution to the equation
on complete noncompact manifolds, where h, q, B are real constants and q > . Then we have
As an application, we have the following Harnack inequality. 
Proof of Theorem 1.3
Assume that u is a positive solution to (.). Set w = ln u, then w satisfies the equation
be a complete noncompact n-dimensional Riemannian manifold with Ricci curvature bounded from below by the constant -K =: -K(R), where R >  and K >  in the metric ball B R (p) around p ∈ M. Let w be a positive solution of (.), then
and β = e -Kt .
Proof Define
where β = e -Kt . By the Bochner formula, we have
By a direct computation, we have 
and we know
Therefore, by equalities (.) and (.), we obtain
This implies that, Therefore, it follows that
which completes the proof of Lemma ..
We take a C 
In inequality (.), if c  < , then ϕ can be controlled by -
, where c is some positive constant. For T ≥ , let (x, s) be a point in B R (p) × [, T], at which ϕF attains its maximum value P, and we assume that P is positive (otherwise the proof is trivial). At the point (x, s), we have
It follows that
This inequality, together with inequalities (.) and (.), yields
At (x, s), by Lemma ., we have
here we used
Then we have
Next, we consider the following two cases:
multiplying both sides of the inequality above by sϕ, we have
So, it follows that Similarly, we can obtain () of Theorem ..
Proof of Theorem . For any points (x  , t  ) and (x  , t  ) on M × [, +∞) with  < t  < t  , we take a curve γ (t) parameterized with γ (t  ) = x  and γ (t  ) = x  . One gets from Corollary .
